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I expand the radiation potential of an arbitrary monochromatic electromagnetic wave in the cylindrical coor-
dinate eigenfunctions of the scalar Helmholtz equation. Since the resulting beam shape coefficients are found
to be an inverse Fourier transform of the z component of the beam fields, the incident Gaussian beam is pa-
rameterized by a Fourier angular spectrum of plane waves. The beam’s partial-wave coefficients are then
obtained, as well as the scattered fields produced by the interaction of the beam with an infinitely long homo-
geneous circular cylinder. The fields are evaluated analytically in the far zone by the method of stationary
phase, and the physical interpretation of the results are discussed extensively. © 1997 Optical Society of
America [S0740-3232(97)01203-9]
1. INTRODUCTION
In the branch of light-scattering theory known as Lorenz–
Mie theory the electromagnetic boundary-value problem
of the interaction of a linearly polarized monochromatic
plane wave with a spherical particle is solved exactly.
The resulting expressions for the scattered electric and
magnetic fields contain a slowly convergent infinite series
whose terms are complicated combinations of spherical
Bessel, Neumann, and Hankel functions, and angular
functions that are related to associated Legendre
polynomials.1–3 The mathematical complexity of this ex-
act solution obscures its physical interpretation. Over
the years many mathematical techniques such as the De-
bye series,4,5 the Watson transform,6,7 and stationary-
phase arguments8 have been employed in order to make
explicit the physical interpretation of the scattering that
is implicit in the Lorenz–Mie theory formulas.
The situation becomes more complicated for scattering
of a diagonally incident plane wave by an infinitely long
homogeneous circular cylinder. Mathematically, the
scattering amplitudes contain many more Bessel, Neu-
mann, and Hankel functions than for sphere
scattering.9–11 Physically, the cylinder geometry permits
additional phenomena to occur, such as cross-polarized
scattering, that were impossible for sphere scattering.
The complexity of the scattering amplitudes has hindered
efforts to obtain a physical intuition of diagonal-incidence
cylinder scattering that is as refined as is our intuition for
plane-wave–sphere scattering.
A number of years ago, the theory of scattering a nor-
mally incident two-dimensional Gaussian laser sheet by
an infinitely long circular cylinder by using a Fourier se-
ries expansion or an angular spectrum of plane waves
model for the incident beam was developed by Alexopou-
los and Park,12 Kojima and Yanagiuchi,13 and Kozaki.14,15
The angular spectrum of plane waves model was subse-
quently extended to off-center incidence,16,17 incidence on
a layered cylinder,18,19 and incidence on an array of
cylinders.20 The incident Gaussian laser sheet scatter-
ing problem is similar to the incident focused Gaussian-
beam scattering problem, except that the former is a two-
dimensional problem while the latter is intrinsically a
three-dimensional problem. Recently, a solution to the
focused Gaussian-beam–cylinder problem has been
published21–27 that employs the Davis–Barton model28,29
for the incident beam and uses the theory of distributions
to calculate the incident-beam coefficients. The Davis–
Barton beam model has been highly successful in describ-
ing focused Gaussian-beam–sphere scattering30–36 and
leads, through the theory of distributions, to a consistent
solution to the focused Gaussian-beam–cylinder problem.
In this paper it is demonstrated that modeling the inci-
dent beam by an angular spectrum of plane waves14,37–39
provides what I feel to be a more intuitive and easily in-
terpretable approach to the Gaussian-beam–cylinder
scattering problem.
The body of this paper proceeds as follows. Section 2
presents the separation-of-variables solution to the scat-
tering problem. In Subsection 2.A the e and m polariza-
tion states of the beam are defined. In Subsection 2.B
the method of solution is outlined, and general results are
presented. In Section 3 the formulas for diagonal plane-
wave–cylinder scattering are briefly presented, since the
solution is important for understanding the solution to
the diagonally incident Gaussian-beam–cylinder prob-
lem. In Section 4 we examine the beam shape coeffi-
cients for three different models of a focused Gaussian
beam: the Davis–Barton model in Subsection 4.A, the
angular spectrum of plane waves model in Subsection
4.B, and the coefficient specification model using the lo-
calized approximation in Subsection 4.C. In Section 5 we
use the localized beam shape coefficients to obtain an ana-
lytical approximation to the far-zone scattered fields. Fi-
nally, Section 6 clarifies the relation between the scat-
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tered fields for diagonal plane-wave incidence and those
for diagonal Gaussian-beam incidence.
2. GENERAL SOLUTION OF THE
ELECTROMAGNETIC-BEAM–CYLINDER-
SCATTERING PROBLEM
A. Definition of the e and m Polarization States
Consider an infinitely long homogeneous circular cylinder
of radius a and refractive index n, whose symmetry axis
coincides with the z axis of a rectangular coordinate sys-
tem. The cylindrical coordinates with respect to these
axes are (r, u , z), as shown in Fig. 1. A monochromatic
electromagnetic beam of wave number k and angular fre-
quency v is incident on the cylinder. The time depen-
dence of the beam is exp(2ivt) and will hereafter be omit-
ted. The dominant propagation direction of the beam lies
in the x– z plane and makes an angle j with the x axis,
i.e.,
kinc 5 k@~cos j!uˆx 2 ~sin j!uˆz#. (1)
The fields of the incident beam, as well as those of the
scattered and interior fields produced by the interaction
of the incident beam with the cylinder, have two orthogo-
nal polarization states. We use the notation e and m in
this paper to denote the polarization states (rather than
TE and TM) in order to avoid the following notational con-
flict. In sphere scattering TE is associated with the
partial-wave scattering amplitude bl , and TM is associ-
ated with al . In cylinder scattering, if we were to use TE
and TM, we would end up associating TE with al and TM
with bl .
In what we call the e polarization (case II in Ref. 40,
case II or TE in Ref. 41, and case II in Ref. 11) the electric
field is confined to the horizontal (x–y) plane in Fig. 1,
and the fields may be written as
E~r, u, z ! 5 2uˆz 3 ce~r, u, z !
5
1
r
]ce
]u
uˆr 2
]ce
]r
uˆu ,
B~r, u, z ! 5
i
v
 3 @ uˆz 3 ce~r, u, z !#
5
2i
v
]2ce
]r]z
uˆr 2
i
vr
]2ce
]u]z
uˆu
2
i
v SN2k2ce 1 ]2ce]z2 D uˆz , (2)
where N is the refractive index of the medium (i.e., N
5 n inside the cylinder and N 5 1 outside) and c e is the
e polarization radiation potential that satisfies the scalar
Helmholtz equation. The radiation potential of the inci-
dent beam may be written as21
c inc
e ~r, u, z ! 5 E
2`
`
dh (
l52`
`
il11
k cos j
E0Al~h !
3 Jl@kr~1 2 h
2 !1/2#
3 exp~ikhz !exp~ilu!, (3)
where h and l are the continuous and discrete cylindrical
coordinate separation variables, respectively. The vari-
able l is known as the partial wave number. For an in-
cident plane wave the variable h takes on only a single
value. For a more general incident beam h has a spec-
trum of values. Also in Eq. (3), Jl are Bessel functions,
E0 is a measure of the peak electric-field strength of the
beam, and Al(h) are the partial-wave beam shape coeffi-
cients. The expressions for c e for both the scattered and
interior fields are given in Subsection 2.B. If the fields of
the incident beam are known exactly, the beam shape co-
efficients are obtained by substituting Eq. (3) into Eqs. (2)
to produce21
Al~h ! 5
~2i !lk cos j
~2p!2~1 2 h2!Jl@kr~1 2 h
2!1/2#
3 E
2`
`
dzE
0
2p
du@exp~2ikhz !
3 exp~2ilu!#cBz,inc~r, u, z !/E0 , (4)
where Bz,inc is the z component of the incident magnetic
field and c is the speed of light. If the beam fields are an
exact solution of Maxwell’s equations, the r dependence
in Eq. (4) cancels33 and the beam shape coefficients are
functions of h and l alone.
In what we call the m polarization (case I in Ref. 40,
case I or TM in Ref. 41, and case I in Ref. 11) the magnetic
field is confined to the horizontal (x–y) plane in Fig. 1,
and the fields may be written as
Fig. 1. Geometry of the incident beam and the scattered wave.
The dominant incident propagation vector lies in the x– z plane
and makes an angle j with the x axis. The cylindrical coordi-
nates of the point P in the far zone of the scattered radiation are
(r, u, z).
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E~r, u, z ! 5
ic
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 3 @ uˆz 3 c m~r, u, z !#
5
2ic
Nv
]2c m
]r]z
uˆr 2
ic
Nvr
]2c m
]u]z
uˆu
2
ic
Nv SN2k2cm 1 ]2c m]z2 D uˆz ,
B~r, u, z, t ! 5
N
c
uˆz 3 c m~r, u, z !
5 2
N
cr
]c m
]u
uˆr 1
N
c
]c m
]r
uˆu , (5)
where c m is the m polarization radiation potential. The
radiation potential of the incident beam may be written
as
c inc
m ~r, u, z ! 5 E
2`
`
dh (
l52`
`
il11
k cos j
E0Bl~h !
3 Jl(kr~1 2 h2!1/2)
3 exp~ikhz !exp~ilu!, (6)
where Bl(h) are the beam shape coefficients. The ex-
pressions for c m for both the scattered and interior fields
are also given in Subsection 2.B. Again, if the incident-
beam fields are known exactly, the beam shape coeffi-
cients are obtained by substituting Eq. (6) into Eqs. (5) to
produce
Bl~h ! 5
~2i !lk cos j
~2p!2~1 2 h2!Jl(kr~1 2 h2!1/2)
3 E
2`
`
dzE
0
2p
du@exp~2ikhz !
3 exp~2ilu!#Ez,inc~r, u, z !/E0 , (7)
where Ez,inc is the z component of the incident electric
field.
B. Separation-of-Variables Solution and the Far-Zone
Scattered Fields
In this subsection the separation-of-variables solution of
the diagonally incident beam–cylinder scattering problem
is briefly outlined, and all the general formulas describing
the far-zone scattered fields and intensity are collected to-
gether. The e-polarized and m-polarized scattered radia-
tion potentials are taken to be
cscatt
e ~r, u, z ! 5 2E
2`
`
dh (
l52`
`
il11
k cos j
3 E0a l~h !Hl
~1 !(kr~1 2 h2!1/2)
3 exp~ikhz !exp~ilu!, (8a)
cscatt
m ~r, u, z ! 5 2E
2`
`
dh (
l52`
`
il11
k cos j
3 E0b l~h !Hl
~1 !(kr~1 2 h2!1/2)
3 exp~ikhz !exp~ilu!, (8b)
where H l
(1) are Hankel functions of the first kind and
a l(h) and b l(h) are the partial-wave scattering ampli-
tudes. The interior radiation potentials are
c interior
e ~r, u, z ! 5 E
2`
`
dh8 (
l52`
`
il11
k cos j
3 E0ng l~h8!Jl(nkr~1 2 h82!1/2)
3 exp~inkh8z !exp~ilu!,
c interior
m ~r, u, z ! 5 E
2`
`
dh8 (
l52`
`
il11
k cos j
3 E0nd l~h8!Jl(nkr~1 2 h82!1/2)
3 exp~inkh8z !exp~ilu!, (9)
where g l(h8) and d l(h8) are the partial-wave interior am-
plitudes. If the equations describing the continuity of
the tangential components of the total electric and mag-
netic fields at the surface of the cylinder are to be inde-
pendent of z, we require that
h8 5 h/n. (10)
The solution of the four field continuity conditions in the
four unknowns a l(h), b l(h), g l(h8), and d l(h8) then
gives21
a l~h ! 5 al~h !Al~h ! 1 ql~h !Bl~h !,
b l~h ! 5 2ql~h !Al~h ! 1 bl~h !Bl~h ! (11)
for the partial-wave scattering amplitudes and
g l~h8! 5 cl~h !Al~h ! 1 pl~h !Bl~h !,
d l~h8! 5 2npl~h !Al~h ! 1 dl~h !Bl~h ! (12)
for the partial-wave interior amplitudes, where
x [ ka~1 2 h2!1/2, y [ nka~1 2 h2/n2!1/2, (13)
al~h ! 5
U2W1 2 nU3W3
W1W2 2 nW3
2
,
bl~h ! 5
U1W2 2 nU3W3
W1W2 2 nW3
2
,
ql~h ! 5
2nlh~y2 2 x2!
px2y2
Jl
2~y !
W1W2 2 nW3
2
,
cl~h ! 5
22inx
py2
W1
W1W2 2 nW3
2
,
dl~h ! 5
22inx
py2
W2
W1W2 2 nW3
2
,
pl~h ! 5
22nx
py2
W3
W1W2 2 nW3
2
, (14)
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U1 5
n2x
y
Jl~x !Jl8~y ! 2 Jl8~x !Jl~y !,
U2 5
nx
y
Jl~x !Jl8~y ! 2 nJl8~x !Jl~y !,
U3 5
hl~y2 2 x2!
xy2
Jl~x !Jl~y !,
W1 5
n2x
y
Hl
~1 !~x !Jl8~y ! 2 Hl
~1 !8~x !Jl~y !,
W2 5
nx
y
Hl
~1 !~x !Jl8~y ! 2 nHl
~1 !8~x !Jl~y !,
W3 5
hl~y2 2 x2!
xy2
Hl
~1 !~x !Jl~y !. (15)
In Eqs. (11)–(15) the partial-wave amplitudes al(h)
and cl(h) correspond to polarization-preserving scatter-
ing, i.e., e polarization in goes to e polarization out, which
we denote as ee. Similarly, the partial-wave amplitudes
bl(h) and dl(h) correspond to mm polarization-preserving
scattering. The partial-wave amplitudes ql(h) and pl(h)
correspond to me and em cross-polarized scattering, which
occurs only for h Þ 0. The far-zone scattered fields are
obtained by substituting Eqs. (8) and (11) into Eqs. (2)
and (5) and then taking the r ! ` limit:
lim
r!`
Escatt~r, u, z ! 5
E0
cos j S 2pkr D
1/2
@exp~2ip/4!#
3 ~T5uˆr 2 T2uˆu 2 T3uˆz!, (16)
lim
r!`
Bscatt~r, u, z ! 5
E0
c cos j S 2pkr D
1/2
@exp~2ip/4!#
3 ~T6uˆr 1 T1uˆu 2 T4uˆz!, (17)
where
T1 5 E
2`
`
dh (
l52`
`
~1 2 h2!1/4b l~h !
3 exp@ikr~1 2 h2!1/2#
3 exp~ikhz !exp~ilu!,
T2 5 E
2`
`
dh (
l52`
`
~1 2 h2!1/4a l~h !
3 exp@ikr~1 2 h2!1/2#
3 exp~ikhz !exp~ilu!,
T3 5 E
2`
`
dh (
l52`
`
~1 2 h2!3/4b l~h !
3 exp@ikr~1 2 h2!1/2#
3 exp~ikhz !exp~ilu!, (18a)
T4 5 E
2`
`
dh (
l52`
`
~1 2 h2!3/4a l~h !
3 exp@ikr~1 2 h2!1/2#
3 exp~ikhz !exp~ilu!,
T5 5 E
2`
`
dh (
l52`
`
h~1 2 h2!1/4b l~h !
3 exp@ikr~1 2 h2!1/2#
3 exp~ikhz !exp~ilu!,
T6 5 E
2`
`
dh (
l52`
`
h~1 2 h2!1/4a l~h !
3 exp@ikr~1 2 h2!1/2#
3 exp~ikhz !exp~ilu!. (18b)
The scattered intensity vector is then
lim
r!`
Iscatt~r, u, z !
5 ReSEscatt* 3 Bscatt2m0c D
5
2
pkr cos2 j
S E022m0c DRe@~T2*T4 1 T3*T1!uˆr
1 ~T5*T4 2 T3*T6!uˆu 1 ~T5*T1 1 T2*T6!uˆz#,
(19)
where m0 is the permeability of free space.
3. SCATTERING OF A DIAGONALLY
INCIDENT PLANE WAVE BY A CIRCULAR
CYLINDER
This section briefly summarizes the application of the for-
malism of Subsection 2.B to a diagonally incident plane
wave because we will find in Section 4 that the results for
scattering of a focused Gaussian beam bear a significant
relationship to the results for scattering of a diagonally
incident plane wave. The fields of an e-polarized diago-
nally incident plane wave are
Einc~r, u, z ! 5 E0@exp~ikinc  r!#uˆy ,
Binc~r, u, z ! 5
E0
c
@exp~ikinc  r!#
3 @~sin j!uˆx 1 ~cos j!uˆz#, (20)
where kinc is given in Eq. (1) and
r 5 r~cos u!uˆx 1 r~sin u!uˆy 1 zuˆz . (21)
Substitution of Eqs. (20) into Eq. (4) gives
Al~h ! 5 d~h 1 sin j!, Bl~h ! 5 0, (22)
where d (h 1 sin j) is the Dirac delta function. The
fields of a m-polarized diagonally incident plane wave are
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Einc~r, u, z ! 5 E0@exp~ikinc  r!#@~sin j!uˆx 1 ~cos j!uˆz#,
Binc~r, u, z ! 5
2E0
c
@exp~ikinc  r!#uˆy . (23)
Substitution of Eqs. (23) into Eq. (7) gives
Al~h ! 5 0, Bl~h ! 5 d~h 1 sin j!. (24)
Now that the beam shape coefficients have been deter-
mined, the far-zone scattered fields and intensity are eas-
ily obtained. Substitution of Eqs. (24) into Eqs. (16)–(19)
for a m-polarized incident plane wave (pw in superscript)
gives
lim
r!`
Escatt~r, u, z ! 5 Emm
pw~r, u, z ! 1 Eme
pw~r, u, z !,
lim
r!`
Bscatt~r, u, z ! 5 Bmm
pw~r, u, z ! 1 Bme
pw~r, u, z !,
(25)
where the m-polarized scattered fields are
Emm
pw~r, u, z ! 5 «0
pw@Sm
pw~u!#@~sin j!uˆr 1 ~cos j!uˆz#,
Bmm
pw~r, u, z ! 5
«0
pw
c
@Sm
pw~u!#~2uˆu! (26)
and the e-polarized scattered fields are
Eme
pw~r, u, z ! 5 «0
pw@Sq
pw~u!#uˆu ,
Bme
pw~r, u, z ! 5
«0
pw
c
@Sq
pw~u!#@~sin j!uˆr 1 ~cos j!uˆz#.
(27)
In Eqs. (25)–(27) the amplitude and the phase of the scat-
tered fields are
«0
pw 5 2E0S 2pkr cos j D
1/2
exp~2ip/4!exp~ikscatt  r!,
(28)
the direction of the scattered radiation is
kscatt 5 k@~cos j!uˆr 2 ~sin j!uˆz#, (29)
and the plane-wave angular scattering amplitudes are
Sm
pw~u! 5 (
l52`
`
bl~h 5 2sin j!exp~ilu!
5 b0 1 2 (
l51
`
bl cos~lu!,
Sq
pw~u! 5 (
l52`
`
ql~h 5 2sin j!exp~ilu!
5 2i (
l51
`
ql sin~lu!. (30)
The far-zone scattered intensity is
lim
r!`
Iscatt~r, u, z ! 5 S E022m0c D S 2pkr cos j D
3 @ uSm
pw~u!u2 1 uSq
pw~u!u2#kˆscatt . (31)
Similarly, substitution of Eqs. (22) into Eqs. (16)–(19)
for an e-polarized incident plane wave gives
lim
r!`
Escatt~r, u, z ! 5 Eee
pw~r, u, z ! 2 Eem
pw~r, u, z !,
lim
r!`
Bscatt~r, u, z ! 5 Bee
pw~r, u, z ! 2 Bem
pw~r, u, z !,
(32)
where the e-polarized scattered fields are
Eee
pw~r, u, z ! 5 «0
pw@Se
pw~u!#uˆu ,
Bee
pw~r, u, z ! 5
«0
pw
c
@Se
pw~u!#@~sin j!uˆr 1 ~cos j!uˆz#
(33)
and the m-polarized scattered fields are
Eem
pw~r, u, z ! 5 «0
pw@Sq
pw~u!#@~sin j!uˆr 1 ~cos j!uˆz#,
Bem
pw~r, u, z ! 5
«0
pw
c
@Sq
pw~u!#~2uˆu!, (34)
with
Se
pw~u! 5 (
l52`
`
al~h 5 2sin j!exp~ilu!
5 a0 1 2 (
l51
`
al cos~lu!. (35)
The far-zone scattered intensity is
lim
r!`
Iscatt~r, u, z ! 5 S E022m0c D S 2pkr cos j D @ uSepw~u!u2
1 uSq
pw~u!u2#kˆscatt . (36)
Since ql(h) in Eqs. (14) and Sq
pw(u) in Eqs. (30) are pro-
portional to h, cross-polarized scattering occurs only for
diagonal incidence (j Þ 0°). As was pointed out in Refs.
10, 11, and 42, the scattered wave vector of Eq. (29) lies
on the surface of a cone whose symmetry axis coincides
with the cylinder’s symmetry axis and whose opening
half-angle is p/2 2 j.
4. BEAM SHAPE COEFFICIENTS FOR A
DIAGONALLY INCIDENT GAUSSIAN BEAM
The most troublesome aspect of mathematically modeling
a focused Gaussian beam is specifying fields that simul-
taneously produce the required beam shape while also be-
ing an exact solution of Maxwell’s equations. There are
three common ways to accomplish this. Davis28 and Bar-
ton and Alexander29 have outlined a procedure that con-
structs the fields as an infinite series. The first term of
the series is the fields that arise from Fresnel diffracting
a Gaussian amplitude profile and a flat phase profile
downstream from the beam’s focal plane. The nth-order
term of the series is the fields that are induced by the spa-
tial variation of the (n 2 1)st-order fields. This proce-
dure has the advantage of providing analytical expres-
sions for the fields. But it has the disadvantage that
truncating the series at any value of n gives expressions
that are not an exact solution of Maxwell’s equations.
644 J. Opt. Soc. Am. A/Vol. 14, No. 3 /March 1997 James A. Lock
Also, if the beam is tightly focused, the series is slowly
convergent and the amplitude profile in the focal plane is
no longer Gaussian.
As an alternative, a focused Gaussian beam may be
modeled as a Fourier angular spectrum of plane
waves.38,39 Such a beam is guaranteed to be an exact so-
lution of Maxwell’s equations, since each of the compo-
nent plane waves in the spectrum is an exact solution,
and the amplitude profile in the focal plane is guaranteed
to be Gaussian. But this procedure has the disadvan-
tages that the fields are given in integral form, and for a
tightly focused beam the integration includes evanescent
fields.
As another alternative, a focused Gaussian beam may
be modeled by directly specifying34 values for the beam
shape coefficients in Eqs. (3) and (6) by using the localized
approximation.43–45 By definition, such a beam is an ex-
act solution of Maxwell’s equations. But it has the dis-
advantages that one does not possess an analytic form for
the fields and that, for a tightly focused beam, the ampli-
tude profile in the focal plane is no longer Gaussian.34,35,45
A. Davis–Barton Beam Model
The Davis–Barton fields have been remarkably successful
in describing scattering of a focused Gaussian beam by a
spherical particle and have led to much physical insight
concerning the details of the scattering. It is therefore
disappointing that this beam model does not describe
Gaussian-beam–cylinder scattering in as simple a way.
Mathematically, the difficulties are the following. Con-
sider a first-order Davis–Barton beam propagating along
the x axis with the center of its focal waist at the origin.
The beam is normally incident on the cylinder and is on
axis34 with respect to it. This is the simplest Gaussian-
beam–cylinder geometry. For a m-polarized beam, for ex-
ample, we have28
Einc~x, y, z ! 5 E0
exp~ikx !
D
exp@2~y2 1 z2!/Dw0
2#
3 S 22iszw0D uˆx 1 uˆzD ,
Binc~x, y, z ! 5 E0
exp~ikx !
cD
exp@2~y2 1 z2!/Dw0
2#
3 S 2isyw0D uˆx 2 uˆyD , (37)
where w0 is the beam’s electric-field half-width in the fo-
cal plane,
s [
1
kw0
(38)
is the beam confinement parameter, and
D 5 1 1 2is2kx. (39)
Substitution of the z component of Einc into Eq. (7) gives
Bl~h ! 5
~2i !l
4sp3/2~1 2 h2!Jl(kr~1 2 h2!1/2)
3 exp~2h2/4s2! E
0
2p du
D1/2
3 expH iFkrS 1 2 h22 D cos u 2 luG J
3 exp S 2s2k2r2 sin2 uD D . (40)
The integrand in Eq. (40) may then be expanded in
powers of s and integrated term by term in a manner
similar to that for Gaussian-beam–sphere scattering.34
But here the results are not as pleasing. Upon integra-
tion we obtain
Bl~h ! 5
exp~2h2/4s2!
2sp1/2~1 2 h2!
H Jl@kr~1 2 h2/2 !#Jl@kr~1 2 h2!1/2#
3 F1 2 s2l2
~1 2 h2/2 !2
1 O~s4!G
1
krJl8@kr~1 2 h
2/2 !#
Jl@kr~1 2 h
2!1/2#
F s2h2/2
1 2 h2/2
1 O~s4!G J .
(41)
The terms proportional to krJl8(kr(1 2 h
2/2))/Jl(kr(1
2 h2)1/2) were previously called34 nonconstant terms and
were due to Eqs. (37) not being an exact solution of Max-
well’s equations. But for small h the ratio of Bessel func-
tions is nearly unity and the nonconstant terms are small,
giving
Bl~h ! '
1
2sp1/2~1 2 h2!
@exp~2h2/4s2!#S 1 2 s2l21 2 h2D
'
1
2sp1/2~1 2 h2!
exp~2h2/4s2!
3 exp@2s2l2/~1 2 h2!#. (42)
Based on our experience with Gaussian-beam–sphere
scattering, it is tempting to believe that the Davis–Barton
third-order and fifth-order fields29 would add additional
terms to Eq. (41) that would bring the ratio of Bessel func-
tions closer to unity and would cancel the nonconstant
terms for low powers of s2. But when the higher-order
fields are employed, the expected simplifications do not
occur in a clear or recognizable way. In Refs. 21–27 this
problem is circumvented by appealing to the mathemati-
cal theory of distributions to replace the beam shape func-
tions Al(h) and Bl(h) by beam shape distributions that
are then evaluated for the Davis–Barton beam model.
Such an approach is anticipated by the plane–wave beam
shape coefficients of Eqs. (22) and (24).
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The Davis–Barton third-order correction to Eqs. (37)
also introduces a z component to B inc proportional to s
2.
This is unfortunate in that the beam that we originally
wanted to be m polarized now becomes an e-polarized plus
m-polarized mixture. This considerably complicates the
interpretation of the scattered intensity, since not only
will we have cross-polarized effects that are due to the
diagonal-incidence geometry, but also we will have cross-
polarized effects that are due to the incident beam not be-
ing a pure polarization state.
As a result of these complications, we no longer con-
sider the Davis–Barton beam model for cylinder scatter-
ing in this paper. But relation (42) illustrates an impor-
tant difference between sphere scattering and cylinder
scattering nonetheless. In the solution to the scalar
Helmholtz equation in spherical coordinates there are
also two separation constants, the partial wave number l
and the azimuthal mode number m, with 2l < m < l.
For on-axis Gaussian-beam–sphere scattering, only l is
needed, producing a substantial simplification of the
theory; whereas for off-axis scattering both l and m are
required. On the other hand, for on-axis normal-
incidence Gaussian-beam–cylinder scattering both sepa-
ration constants l and h are required. As a result, we ex-
pect that cylinder scattering of an off-axis, a diagonally
incident, or an arbitrarily positioned beam produces no
further mathematical complication to the general formu-
las of Subsection 2.B than we would have already experi-
enced for on-axis normal-incidence scattering.
B. Angular Spectrum of Plane-Wave Model
In this subsection we model a Gaussian beam by super-
position of an angular spectrum of plane waves and then
calculate its beam shape coefficients. An examination of
Eqs. (4) and (7) suggests why this is a reasonable ap-
proach. In these equations the z integral is an inverse
Fourier transform of the z component of the electric and
magnetic fields, with h being the variable in Fourier
transform space conjugate to z in coordinate space. This
suggests that if Ez,inc and Bz,inc themselves are con-
structed as a Fourier superposition of plane waves, then
Bl(h) and Al(h) should be intimately related to the coef-
ficients of the Fourier superposition.
Consider, for example, a m-polarized normally incident
focused Gaussian beam of the form
Einc~x, y, z ! 5 @Ex,inc~x, y, z !#uˆx 1 @Ez,inc~x, y, z !#uˆz .
(43)
Let the center of the beam focal waist be located at
(x0 , y0 , 0), and let the beam profile in the focal plane be
given by the Gaussian function
Ez,inc~x0 , y, z ! 5 E0 exp@2~y 2 y0!
2/w0
2#exp~2z2/w0
2!,
(44)
with Ex,inc yet to be specified. Equation (44) may be writ-
ten as the Fourier integral
Ez,inc~x0 , y, z ! 5
E0w0
2
4p E2`
`
k dhy E
2`
`
k dhz
3 exp~2hy
2/4s2!exp~2hz
2/4s2!
3 exp@ikhy~y 2 y0!#exp~ikhzz !.
(45)
Generalizing this to
Ez,inc~x, y, z ! 5
E0w0
2
4p E2`
`
k dhy E
2`
`
k dhz
3 exp~2hy
2/4s2!exp~2hz
2/4s2!
3 exp@ikhx~x 2 x0!#
3 exp@ikhy~y 2 y0!#exp~ikhzz !
(46)
produces a beam that is an exact solution of Maxwell’s
equations, has a Gaussian amplitude profile in the focal
plane, is m polarized, and is a superposition of plane
waves traveling in different directions. The propagation
direction of each component plane wave has the direction
cosines hx , hy , and hz , where
hx 5 ~1 2 hy
2 2 hz
2!1/2. (47)
When hy
2 1 hz
2 . 1, the component plane waves are
evanescent. The electric field of the beam in the x direc-
tion may be obtained39 from Eq. (46) through substitution
into the Maxwell equation
  Einc 5 0. (48)
In order to evaluate the beam shape coefficients for the
normally incident beam of Eq. (46), substitution into Eq.
(7) and then performing the z, hz , and u integrations
gives
Bl~h ! 5
1
4ps2~1 2 h2!
exp~2h2/4s2! E
2`
`
dhy
3 exp@2ikx0~1 2 h
2 2 hy
2!1/2#
3 exp~2ikhyy0!exp~2hy
2/4s2!
3 exp$2il arcsin@hy~1 2 h
2!21/2#%. (49)
The hy integral in Eq. (49) cannot be evaluated analyti-
cally. But for a beam that is not tightly focused (i.e., s
! 1) the exp(2hy
2/4s2) factor in the integrand damps
rapidly for hy
2 ; 4s2 ! 1. For this case we may expand
the exponents in the integrand in powers of hy and retain
only the linear and quadratic terms. The resulting inte-
gral can be evaluated analytically, giving
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Bl~h ! '
1
2sp1/2~1 2 h2!
3
exp@2ikx0~1 2 h
2!1/2#
@1 2 2is2kx0~1 2 h
2!21/2#1/2
exp~2h2/4s2!
3 expH 2s2@l~1 2 h2!21/2 1 ky0#21 2 2is2kx0~1 2 h2!21/2 J . (50)
Our hy
2 ! 1 argument is not overly restrictive, since
even for w0 5 4l, which is a moderately tightly localized
beam, we have exp(2hy
2/4s2) 5 1027 when hy
2 ' 0.10.
The derivation of Al(h) for a normally incident
e-polarized Gaussian beam proceeds identically.
The beam shape coefficients of relation (50) are intu-
itively pleasing in a number of ways. First, for x0 5 y0
5 0, relation (50) reduces to relation (42), which was in-
ferred from the Davis–Barton model. This illustrates
that both the Davis–Barton model and the angular spec-
trum of plane waves model lead to similar beam shape co-
efficients for a weakly focused beam. But the angular
spectrum of plane waves model arrives at the result much
more straightforwardly. This is because of the inverse
Fourier transform structure of Eqs. (4) and (7). The
exp@2(hy
2 1 hz
2)/4s2# factor in the Fourier spectrum of
the beam’s amplitude profile in its focal plane evolves into
the exp(2h2/4s2) factor in the beam shape coefficients.
Another feature of relation (50) is somewhat surprising
in light of the analogous result for sphere scattering. If
the beam is incident off axis on the cylinder such that the
peak of the Gaussian profile occurs at y0 , the beam shape
coefficients taken as a function of l reach their peak value
when
l 5 2ky0~1 2 h
2!1/2, (51)
whereas for off-axis sphere scattering they reach their
peak value when36
l 1 1/2 5 ky0 . (52)
The two results are quite similar, except that they differ
by a minus sign. Equations (51) and (52) are both ex-
amples of the localization principle, i.e., the partial wave l
is associated with a geometrical light ray traveling paral-
lel to the x axis of Fig. 1 at a distance (y2 1 z2)1/2 ' l/k
away from it.46,47 But, for cylinder scattering, positive
partial waves are associated with geometrical rays having
negative y0 , and negative partial waves are associated
with geometrical rays having positive y0 .
Based on the success of the angular spectrum of plane
waves model in yielding the beam shape coefficients of the
normally incident beam of Eq. (46), this method will now
be briefly demonstrated for the m-polarized diagonally in-
cident focused Gaussian beam of Fig. 2. The dominant
propagation direction of the beam makes an angle j with
the x axis as in Eq. (1), and the center of the beam focal
waist is at (x0 , y0 , z0). The formula for the beam elec-
tric field is obtained by rotating Eq. (43) by the angle 2j
in the x– z plane. The z component of the rotated electric
field is then
Ez,inc~x, y, z ! 5
E0w0
2
4p
E
2`
`
k dhy E
2`
`
k dhz
3 exp@ikhx~x cos j 2 z sin j
2 x0 cos j 1 z0 sin j!#
3 exp@ikhy~y 2 y0!#
3 exp@ikhz~x sin j 1 z cos j
2 x0 sin j 2 z0 cos j!#exp~2hy
2/4s2!
3 exp~2hz
2/4s2!S cos j 1 hzhx sin j D .
(53)
Substituting into Eq. (7) and then performing the z, hz ,
and u integrations give
Bl~h ! 5
cos j
4ps2~1 2 h2!
exp~2ikhz0!exp$2@h
2 cos2 j
1 ~1 2 h2!sin2 j#/4s2% E
2`
`
dhy
3 exp@2ikx0~1 2 h
2 2 hy
2!1/2#exp~2ikhyy0!
3 exp$2@2h~1 2 h2 2 hy
2!1/2
3 sin j cos j 1 hy
2 cos2 j#/4s2%
3 exp$2il arcsin@hy~1 2 h
2!21/2#%. (54)
Again the exponents in the integrand are expanded in
powers of hy , and only the linear and quadratic terms are
retained. The resulting integral can be evaluated ana-
lytically to give
Bl~h ! '
cos j
2sp1/2~1 2 h2!F1/2
3 exp$2ik@hz0 1 ~1 2 h
2!1/2x0#%
3 exp$2@h cos j 1 ~1 2 h2!1/2 sin j#2/4s2%
3 exp$2s2@l~1 2 h2!21/2 1 ky0#
2/F%, (55)
Fig. 2. A focused Gaussian beam has the dominant propagation
direction AA8 in the x– z plane and making an angle j with the x
axis. The center of its focal waist is at the coordinate
(x0 , y0 , z0).
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where
F 5 ~cos j!@cos j 2 h~1 2 h2!21/2 sin j#
2 2is2kx0~1 2 h
2!21/2. (56)
The derivation of Al(h) for a diagonally incident
e-polarized Gaussian beam proceeds identically.
C. Specification of a Set of Beam Shape Coefficients
and the Localized Approximation
We have seen that the beam shape coefficients of Eqs. (50)
and (56) and relation (55) are consistent with a localized
interpretation of the incident beam, i.e., the association of
each partial wave with a ray trajectory. It was also seen
that the approximation of the integrands in Eqs. (49) and
(54) was quite accurate for all but the most tightly focused
beams. As a result, for the remainder of this paper we
take the following as our definition of a m-polarized diago-
nally incident focused Gaussian beam:
Al~h ! 5 0,
Bl~h ! 5
cos j
2sp1/2~1 2 h2!F1/2
3 exp$2ik@hz0 1 ~1 2 h
2!1/2x0#%
3 exp$2@h cos j 1 ~1 2 h2!1/2 sin j#2/4s2%
3 exp$2s2@l~1 2 h2!21/2 1 ky0#
2/F%, (57)
where F is given by Eq. (56). Similarly, our definition of
an e-polarized diagonally incident focused Gaussian beam
is
Al~h ! 5
cos j
2sp1/2~1 2 h2!F1/2
3 exp$2ik@hz0 1 ~1 2 h
2!1/2x0#%
3 exp$2@h cos j 1 ~1 2 h2!1/2 sin j#2/4s2%
3 exp$2s2@l~1 2 h2!21/2 1 ky0#
2/F%,
Bl~h ! 5 0. (58)
As was seen in Subsection 4.B, when considered as a
function of l, these coefficients reach their peak value at
l 5 2ky0(1 2 h
2)1/2, in accordance with the localization
principle for cylinder scattering. When considered as a
function of h, they reach their peak value at
h 5 2sin j, (59)
which coincides with the propagation direction of the
dominant plane wave in the angular spectrum of the
beam. If the beam is tightly focused with w0 * l, the
beam confinement parameter s is relatively large. As a
result, examination of Eqs. (57) and (58) shows that the
range of partial waves Dl over which the beam shape co-
efficients are sizable is small, indicating that only a few
rays constitute the beam. The range of h parameters,
Dh, over which the beam shape coefficients are sizable is
large, indicating that many component plane waves are
required for the construction of a tightly localized Gauss-
ian. Conversely, if the beam is loosely focused with w0
@l, then s is relatively small. This results in Dl being
large, indicating that a large number of rays constitute
the beam, and Dh being small, indicating that few com-
ponent plane waves are required for the construction of a
loosely localized Gaussian. These properties of the beam
shape coefficients lead us to identify the continuous sepa-
ration index h as the sine of the angle that a component
plane wave in the Fourier angular spectrum of the beam
makes with the x axis. We will return to this interpre-
tation of h in Section 6.
5. FAR-ZONE FIELDS AND INTENSITY
In this section we substitute the beam shape coefficients
of Eqs. (57) and (58) into Eqs. (16)–(19) to obtain the far-
zone fields and intensity. In analogy to Eqs. (30) and (35)
for diagonal-incidence plane-wave–cylinder scattering,
we define the angular scattering amplitudes Se(u, h),
Sm(u, h), and Sq(u, h) as
Se~u, h ! 5 (
l52`
`
@exp~ilu!#al~h !
3 exp$2s2@l~1 2 h2!21/2 1 ky0#
2/F%,
Sm~u, h ! 5 (
l52`
`
@exp~ilu!#bl~h !
3 exp$2s2@l~1 2 h2!21/2 1 ky0#
2/F%,
Sq~u, h ! 5 (
l52`
`
@exp~ilu!#ql~h !
3 exp$2s2@l~1 2 h2!21/2 1 ky0#
2/F%.
(60)
Assuming that the incident beam is m polarized, substitu-
tion of Eqs. (11), (57), and (60) into the expression for T1
in Eqs. (18) gives
T1~r, u, z ! 5
cos j
2sp1/2
E
2`
`
dh
Sm~u, h !
~1 2 h2!3/4F1/2
3 exp@ikr~1 2 h2!1/2#exp~ikhz !
3 exp$2ik@hz0 1 ~1 2 h
2!1/2x0#%
3 exp$2@h cos j 1 ~1 2 h2!1/2
3 sin j#2/4s2%. (61)
The phase of the integrand in Eq. (61) is
F~h ! 5 k~r 2 x0!~1 2 h
2!1/2 1 k~z 2 z0!h
1 Phase~Sm! 1 Phase~F
21/2!. (62)
In the far-zone limit r ! ` and z ! `, with the ratio
z/r being fixed, the most rapidly varying contributions to
the phase of the integrand in Eq. (61) are the first two
terms of Eq. (62), since the phases of Sm and F
1/2 are in-
dependent of the coordinates at which the scattered field
is evaluated. With this being the case, Eq. (61) may be
evaluated by the method of stationary phase (sp in sub-
script and superscript) in the far-zone limit,48 giving
T1
sp~r, u, z ! 5 GspSm~u, hsp!, (63)
where
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hsp 5
z
~r2 1 z2!1/2
5 sin h, (64)
Gsp 5
~cos j!~cos h!1/2 exp~2ip/4!
s~2kr !1/2@~cos j!cos~j 1 h! 2 2is2kx0#
1/2
3 exp$ik@~r 2 x0!
2 1 ~z 2 z0!
2#1/2%
3 exp$2@sin2~j 1 h!#/4s2%. (65)
The angle h between the horizontal plane and the line
that joins the origin with the field point (r, u, z) is shown
in Fig. 1. Taken as a function of h, Eq. (65) reaches its
peak value when h 5 2j, i.e., along the cone which
at u 5 0° forms the continuation of the dominant propa-
gation direction of the incident beam. This is shown in
Fig. 3.
The stationary-phase method can be used to evaluate
the other amplitudes of Eqs. (18) for both m-polarized in-
cidence and e-polarized incidence. For m-polarized inci-
dence the results are
T2
sp~r, u, z ! 5 GspSq~u, hsp!,
T3
sp~r, u, z ! 5 Gsp~cos h!Sm~u, hsp!,
T4
sp~r, u, z ! 5 Gsp~cos h!Sq~u, hsp!,
T5
sp~r, u, z ! 5 Gsp~sin h!Sm~u, hsp!,
T6
sp~r, u, z ! 5 Gsp~sin h!Sq~u, hsp!. (66)
The far-zone scattered fields for a m-polarized incident
beam are then
lim
r!`
Escatt~r, u, z ! 5 Emm~r, u, z ! 1 Eme~r, u, z !,
lim
r!`
Bscatt~r, u, z ! 5 Bmm~r, u, z ! 1 Bme~r, u, z !,
(67)
where the m-polarized scattered fields are
Emm~r, u, z ! 5 «0@Sm~u, hsp!#@2~sin h!uˆr 1 ~cos h!uˆz#,
Bmm~r, u, z ! 5
«0
c
@Sm~u, hsp!#~2uˆu! (68)
and the e-polarized scattered fields are
Eme~r, u, z ! 5 «0@Sq~u, hsp!#uˆu ,
Bme~r, u, z ! 5
«0
c
@Sq~u, hsp!#@2~sin h!uˆr 1 ~cos h!uˆz#,
(69)
with
«0 5
iE0w0~cos h!
1/2
p1/2r@cos j cos~j 1 h! 2 2is2kx0#
1/2
3 exp$ik@~r 2 x0!
2 1 ~z 2 z0!
2#1/2%
3 exp$2@sin2~j 1 h!#/4s2%. (70)
The far-zone scattered intensity is
lim
r!`
Iscatt~r, u, z ! 5
E0
2w0
2 cos h
pr2
@cos2 j cos2~j 1 h!
1 4s2x0
2/w0
2#21/2
3 ($exp2@sin2~j 1 h!#/2s2%)
3 @ uSm~u, hsp!u2 1 uSq~u, hsp!u2#
3 @~cos h!uˆr 1 ~sin h!uˆz#. (71)
For an e-polarized incident beam the stationary-phase
evaluation of T1 through T6 gives
T1
sp~r, u, z ! 5 2GspSq~u, hsp!,
T2
sp~r, u, z ! 5 GspSe~u, hsp!,
T3
sp~r, u, z ! 5 2Gsp~cos h!Sq~u, hsp!,
T4
sp~r, u, z ! 5 Gsp~cos h!Se~u, hsp!,
T5
sp~r, u, z ! 5 2Gsp~sin h!Sq~u, hsp!,
T6
sp~r, u, z ! 5 Gsp~sin h!Se~u, hsp!. (72)
The far-zone scattered fields for an e-polarized incident
beam are then
lim
r!`
Escatt~r, u, z ! 5 Eee~r, u, z ! 2 Eem~r, u, z !,
lim
r!`
Bscatt~r, u, z ! 5 Bee~r, u, z ! 2 Bem~r, u, z !,
(73)
where the e-polarized scattered fields are
Eee~r, u, z ! 5 «0@Se~u, hsp!#uˆu ,
Bee~r, u, z ! 5
«0
c
@Se~u, hsp!#@2~sin h!uˆr 1 ~cos h!uˆz#
(74)
and the m-polarized scattered fields are
Fig. 3. The horizontal and vertical directions on the viewing
screen are u and h, respectively. The scattered wave produced
by each plane-wave component in the Fourier spectrum of the in-
cident beam is a cone with a different opening angle and inter-
secting the viewing screen at a different vertical coordinate h.
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Eem~r, u, z ! 5 «0@Sq~u, hsp!#@2~sin h!uˆr 1 ~cos h!uˆz#,
Bem~r, u, z ! 5
«0
c
@Sq~u, hsp!#~2uˆu!. (75)
The far-zone scattered intensity is
lim
r!`
Iscatt~r, u, z ! 5
E0
2w0
2 cos h
pr2
@cos2 j cos2~j 1 h!
1 4s2x0
2/w0
2#21/2
3 ($exp2@sin2~j 1 h!#/2s2%)
3 @ uSe~u, hsp!u2 1 uSq~u, hsp!u2#
3 @~cos h!uˆr 1 ~sin h!uˆz#. (76)
Equations (67)–(71) and (73)–(76) are the principal re-
sults of this paper and should be compared with the di-
agonally incident plane-wave results of Eqs. (25)–(36). It
is interesting to see that even though we employed cylin-
drical coordinates in the derivation of the Gaussian-beam
scattering equations, the results exhibit features charac-
teristic of scattering by a localized source. For a cylindri-
cal source, conservation of energy dictates that the scat-
tered fields fall as r21/2 and the scattered intensity falls as
r21. This behavior is evident in Eqs. (16), (17), and (19)
and Eqs. (28), (31), and (36) for plane-wave incidence.
But a localized source, such as the small portion the cyl-
inder illuminated by a focused Gaussian beam, produces
scattered fields that fall as r21 and a scattered intensity
that falls as r22. This behavior is evident in Eqs. (70),
(71), and (76). Similarly, the far-zone scattered intensity
vector points in the radially outward direction, which is
also characteristic of radiation from a localized source.
From a computational point of view Eqs. (71) and (76)
require only minor modifications to existing diagonally in-
cident plane-wave–cylinder scattering computer pro-
grams. This is especially true if one is interested in a
normally incident Gaussian beam focused at the off-axis
position (0, y0 , 0). In this case the normalized scattered
intensity for diagonal plane-wave scattering with inci-
dence angle h is multiplied by an overall factor of
exp@2(sin2 h)/2s2#, and the terms in the sums from 2` to
` of Eqs. (30) and (35) are multiplied by exp@2s2(ky0
1 l/cos h)2]. This gives each sum both cosine and sine
dependence for y0 Þ 0. The scattered intensity is then
computed as a function of u and h as in Fig. 3.
Further insight into the scattering process is obtained
by comparing the scattered fields of Eqs. (67)–(70) and
(73)–(75) with the far-zone diffractive spreading of the in-
cident beam in the near-forward direction for the special
case of normal incidence (j 5 0°) and with the center of
the beam focal waist taken to be at the on-axis position
(x0 5 y0 5 z0 5 0). For the m-polarized normally inci-
dent beam of Eqs. (37), for example, the far-zone near-
forward-direction beam fields become
lim
r!`
lim
u,h!1
Einc~r, u, z ! 5
2ikE0w0
2
2r $
exp@ik~r2 1 z2!1/2#
3 exp@2~u2 1 h2!/4s2#%
3 ~2huˆr 1 uˆz!,
lim
r!`
lim
u,h!1
Binc~r, u, z ! 5
2ikE0w0
2
2cr $
exp@ik~r2 1 z2!1/2#
3 exp@2~u2 1 h2!/4s2#%
3 ~2uˆu!, (77)
whereas Eqs. (68) and (69) for the scattered fields reduce
in this limit to
Emm~r, u, z ! '
iE0w0
p1/2r
$exp@ik~r2 1 z2!1/2#
3 @exp~2h2/4s2!#%
3 @Sm~u, h!#~2huˆr 1 uˆz!,
Bmm~r, u, z ! '
iE0w0
p1/2cr
$exp@ik~r2 1 z2!1/2#
3 @exp~2h2/4s2!#%@Sm~u, h!#~2uˆu!,
(78)
Eme~r, u, z ! '
iE0w0
p1/2r
$exp@ik~r2 1 z2!1/2#
3 @exp~2h2/4s2!#%@Sq~u, h!#uˆu ,
Bme~r, u, z ! '
iE0w0
p1/2cr
$exp@ik~r2 1 z2!1/2#
3 @exp~2h2/4s2!#%@Sq~u, h!#
3 ~2huˆr 1 uˆz!, (79)
with Eqs. (60) reducing to
Sm~u, h! 5 (
l52`
`
@exp~ilu!#@bl~hsp!#exp~2s
2l2/cos2 h!,
Sq~u, h! 5 (
l52`
`
@exp~ilu!#@ql~hsp!#exp~2s
2l2/cos2 h!.
(80)
We interpret these equations in the following way. In
Eqs. (77) the exp@2(u 2 1 h 2)/4s2# factor is the
Fraunhofer-diffracted amplitude of the focal plane
incident-beam profile. The scattering process replaces
the Fraunhofer-diffracted amplitude in the u direction of
Fig. 3 with the angular scattering amplitudes Sm(u, h)
and Sq(u, h). But scattering only slowly modulates the
Fraunhofer-diffracted amplitude in the h direction of Fig.
3, as was mentioned in the preceding paragraph. This
scattering behavior in the near-forward direction is quali-
tatively illustrated in Fig. 4 and is analogous to the action
of a cylindrical lens on a normally incident beam. The
lens strongly deflects the rays incident on it in the plane
perpendicular to its axis. But it has no effect on the rays
incident on it in the plane that contains the lens axis.
Lastly, the scattered fields of relations (78) and (79) are
weaker than the incident-beam fields of Eqs. (77) by a fac-
tor of 22s/p1/2. For a tightly focused beam, where s is
relatively large, this leads to near-complete destructive
interference of the beam and the scattered wave in the
near-forward direction in the far zone. This destructive
650 J. Opt. Soc. Am. A/Vol. 14, No. 3 /March 1997 James A. Lock
interference produces the diffractive shadow behind the
cylinder.49–52 The situation is similar for an e-polarized
normally incident beam.
6. DISCUSSION
In Eqs. (4) and (7) we saw that the partial-wave beam
shape coefficients of a monochromatic arbitrary profile in-
cident beam are an inverse Fourier transform of the z
component of the beam fields. When we exploit this fact
by modeling the incident beam as a sum (i.e., an integral
over hy and hz) of plane waves with different amplitudes
(i.e., exp@2(hy
2 1 hz
2)/4s2#) and traveling in different di-
rections (i.e., with the direction cosines hx , hy , and hz),
the scattered fields echo the same structure. They be-
come a sum (i.e., an integral over h) of outgoing conical
waves with different amplitudes [i.e., exp(2@sin2(j
1 h)]/4s2)] and with different opening angles (i.e., sin h
5 h). At a given field point (r, u, z) in the far zone all
the outgoing conical waves destructively interfere except
for those centered about h 5 r/(r2 1 z2)1/2. Thus the
scattered intensity at each vertical coordinate h on the
viewing screen in Fig. 3 contains the imprint of a single
plane-wave component in the Fourier angular spectrum
of the incident beam. As a function of h, the scattered
intensity was seen in Section 5 to be roughly proportional
to the square of the Fourier spectrum of the beam’s focal
plane amplitude profile. It is centered about h 5 2j,
corresponding to the direction of the dominant plane-
wave component of the beam. For each h the Fourier
spectrum component is modulated by the cylinder’s angu-
lar scattering pattern in the u direction. This angular
scattering pattern is not that of a plane wave [i.e., Eqs.
(30) and (35) are a discrete Fourier transform of the
plane-wave partial-wave scattering amplitudes al , bl ,
and ql]. Rather, the angular scattering pattern of Eqs.
(60) is a discrete Fourier transform of the plane-wave
partial-wave scattering amplitudes modulated by the
Gaussian profile of the beam. Though this interpretation
of the scattering pattern as a function of h and u resulted
from my analysis of an incident Gaussian beam, I conjec-
ture that the scattered intensity at each vertical coordi-
nate h on the viewing screen for arbitrary beam incidence
will again contain the imprint of a single plane-wave com-
ponent in the Fourier spectrum of the incident beam.
This interpretation of Gaussian-beam–cylinder scatter-
ing provides an understanding of a number of different
phenomena. For example, a plane wave normally inci-
dent on a cylinder produces no cross-polarized scattering.
But a focused Gaussian beam normally incident on a cyl-
inder does produce cross-polarized scattering both above
and below the horizontal plane. This is because scatter-
ing in those directions is due to plane-wave components in
the angular spectrum of the Gaussian beam correspond-
ing to diagonal incidence. Similar cross-polarization ef-
fects for morphology-dependent resonances are examined
in a companion paper.53
As a final thought, in Section 4 we examined three dif-
ferent models for the focused Gaussian beam. For a
mildly localized beam with w0 @ l the beam shape coef-
ficients for each of the three models are virtually identi-
cal. But for a tightly focused beam with w0 * l there
are substantial differences among them. The question
then arises as to which, if any, of these models describes
an actual laser beam that has been tightly focused by a
diffraction-limited lens. In actuality, perhaps none of the
three models perfectly describes such a beam.54–56 De-
spite this, I feel justified in examining cylinder scattering
in this paper by using the specification-of-coefficients
beam model. This is because it gives clean, simple, and
readily interpretable results for the far-zone scattered
fields and because it suggests a method for generalization
to beams of arbitrary profile.
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